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We construct a decomposition procedure for converting split-step quantum walks into ordinary
quantum walks with alternating coins, and we show that this decomposition enables a feasible linear
optical realization of split-step quantum walks by eliminating quantum-control requirements. As
salient applications, we show how our scheme will simulate Majorana modes and edge states.
I. INTRODUCTION
Topologically ordered quantum states demonstrate
many interesting properties such as fractional statis-
tics, spin liquids, and robust ground-state degeneracy,
which are the basis of topological and fault-tolerant
quantum computation [1–14]. One-dimensional discrete
time quantum walks and their one- and two-dimensional
generalizations called split-step quantum walk (SSQW)
exhibit a rich class of topological phases and exotic
phases such as Majorana modes and edge states [15–
22]. We present a procedure to decompose one- and two-
dimensional SSQWs into ordinary one-dimensional quan-
tum walks (OQWs) with alternating coins. Using this de-
composition we propose simple implementation schemes
to realize one- and two-dimensional SSQWs in the linear
optical setup.
The interface of two distinct topological phases can
host topologically protected bounded states such as Ma-
jorana modes and edge states [6, 15, 22, 23]. Majorana
modes [23] are quasiparticles which are their own antipar-
ticles and the edge states are the low energy conducting
states which exist on the surface (or the edges) of an in-
sulating material [10, 24, 25]. Edge states have been used
to understand topological insulators and the Hawking ra-
diations in black holes [26, 27]. Discrete time quantum
walks provide controllable platforms to simulate and ma-
nipulate these exotic phases [15–21].
The OQW and the SSQW exhibit a large class of
topological phases, the Majorana modes and the edge
states [15, 17, 22]. Despite these advantages, the two-
dimensional SSQW has never been implemented, whereas
the realization of the one-dimensional SSQW was re-
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ported only in Ref. [28]. This is partly due to the dif-
ficulty in implementing quantum walks in more than one
dimension in a controllable way and partly due to an
inadequate understanding of the SSQW.
In this article, we show that in spite of having very
different propagators, the one- and the two-dimensional
SSQWs and the OQW are closely related; each step of
the one-dimensional SSQW can be decomposed into two
steps of the OQW with alternating coin-flip operations.
Similarly, every step of the two-dimensional SSQW can
be decomposed into two steps of one-dimensional SSQW
performed over two independent degrees of freedom in
sequence with the same coin.
The decomposition of the SSQW in terms of the
OQW presented here yields a direct relation between
the Hamiltonian of the OQW and the Hamiltonian for
the SSQW. This decomposition shows that the SSQW
can be thought of as a special case of alternate quantum
walks [29–31]. It also paves the way to simulate more
complicated Hamiltonians using only the OQW. Further-
more, it enables simple schemes to implement compli-
cated quantum walks on any accessible systems. Using
our decompositions we present implementation schemes
to realize one- and two-dimensional SSQWs using a linear
optical setup.
In our scheme, the one-dimensional quantum walk is
performed over the orbital angular momentum (OAM)
states of a single photon (or a light pulse) whereas we
use the time-bins along with the OAM of light to realize
two-dimensional SSQWs. The polarization of light serves
as the coin in our scheme. The proposed setup requires
a simple combination of wave plates, q-plate, polarizing
beamsplitters, and mirrors, and a ring interferometer is
used to implement progressive steps in the walk.
Since both classical light pulses as well as single pho-
tons can possess the OAM and the time-bin degrees of
freedom (DoFs), and the proposed setup for the imple-
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2mentation consists of only linear optical elements, our
scheme works equally well for single photons and classi-
cal light pulses. Simulating quantum protocols with clas-
sical light offers advantages over the single photons such
as noninvasive and real-time measurements, which is not
possible with single photons [32–34]. Furthermore, clas-
sical light is robust against losses and easy to produce.
Our scheme is capable of simulating the Majorana modes
and the edge states with classical light, and the setup size
does not increase with increasing number of steps in the
walk, as was the case in the earlier implementation [28].
This is the first scheme where the realization of such ex-
otic modes in two dimensions is addressed.
The article is organized as follows: In Sec. II we de-
scribe the one- and two-dimensional SSQWs, and the
topological properties of the underlying Hamiltonians.
Section III deals with the decomposition of SSQWs
into OQWs. In Sec. IV we present our implementa-
tion schemes and the methods to simulate the Majorana
modes and the edge states. We conclude in Sec. V.
II. BACKGROUND
In this section, we present the relevant background of
the OQW and SSQW, and the topological nature of these
quantum walks.
A. Ordinary and split-step quantum walk
We start with the OQW where the coin-flip operator
Cθ and the conditional propagator S are
Cθ ≡ C(θ) = cos θ1− i sin θσy, (1)
S = F ⊗ |↑〉 〈↑|+ F † ⊗ |↓〉 〈↓| . (2)
Here, {|↑〉 , |↓〉} are the two orthogonal states in the coin
space, {|x〉 , x ∈ Z} are the position states of the walker
such that F =
∑
x |x+ 1〉 〈x| is the forward propagator,
and σy is the Pauli spin matrix along the y axis. The
coin parameter θ ∈ (−pi, pi].
Repeated action of the propagator Z(θ),
Z(θ) = (1⊗ Cθ)S, (3)
on the states of the walker results in the quantum walk
evolution. Note that the operator Z¯(θ) = S(1⊗Cθ) also
yields the same quantum walk dynamics as the propa-
gator Z(θ) for different initial states which are related
to each other by the unitary operator S. Thus, the two
operators, Z(θ) and Z¯(θ), are equivalent. We shall call
it the cyclic property of the quantum walk propagator.
In a one-dimensional SSQW [15] the conditional propa-
gator S (2) is divided into the left propagator T− and the
right propagator T+ which are separated by a coin-flip
operation Cθ. Thus, the new quantum walk propagator
S2 S3
S1
FIG. 1. Schematics representation of two-dimensional SSQW
on a triangular lattice. Here we show the directions of the con-
ditional propagators S1 and S2 defined in Eqs. (9) and (10),
and S3 = S1S2.
reads
Zss(θ1, θ2) = (1⊗ Cθ1)T−(1⊗ Cθ2)T+ ≡ (1⊗ Cθ1)Tθ2 ,
(4)
where
T+ = F ⊗ |↑〉 〈↑|+ 1⊗ |↓〉 〈↓| , (5)
T− = 1⊗ |↑〉 〈↑|+ F † ⊗ |↓〉 〈↓| , (6)
Tθ2 = T−(1⊗ Cθ2)T+. (7)
The propagator Z2d(θ1, θ2) for the two-dimensional
analog of a SSQW on a triangular lattice consists of three
conditional propagators Si applied in series, separated by
the coin operations Cθ [15],
Z2D(θ1, θ2) = S3Cθ1S2Cθ2S1Cθ1 , (8)
where (see Fig. 1)
S1 = (F ⊗ 1)⊗ |↑〉 〈↑|+ (F † ⊗ 1)⊗ |↓〉 〈↓| , (9)
S2 = (1⊗ F )⊗ |↑〉 〈↑|+ (1⊗ F †)⊗ |↓〉 〈↓| (10)
are the conditional propagators on the two principal axes
in the triangular lattice and S3 = S1S2. The coin opera-
tor Cθi = 1⊗ 1⊗ Cθi .
B. Topological phases in quantum walk
The OQW (3) exhibits two distinct topological phases
which can be characterized by the sign of the parameter
θ [15, 17]. The interface of these two topological phases
supports two bound states corresponding to (quasi-) en-
ergy E = 0, pi [15, 17, 22]. The underlying Hamilto-
nian of this dynamics possesses the particle-hole symme-
try which implies that creating a particle with energy
E is equivalent to annihilating a hole with energy −E.
Since the two bound states in the quantum walk satisfy
E = −E, the creation and the annihilation operators
for these states are the same. Thus, the corresponding
modes are the Majorana modes [22].
Both one- and two-dimensional SSQWs exhibit topo-
logical phases in the parameter space of θ1, θ2. Moreover,
choosing site-dependent θ2 while keeping θ1 uniform over
the lattice can result in a boundary such that we ob-
serve different topological phases on both sides of the
3boundary. Such boundaries support topologically pro-
tected bound states in the one-dimensional SSQW and
edge states in the two-dimensional case [15].
Although SSQWs are known to simulate a large class of
topological phases, schemes to implement these quantum
walks in a controllable manner are not known. In the
next section, we present a procedure for converting the
SSQW into the OQW.
III. DECOMPOSING SSQW
In this section, we present the decomposition proce-
dure for a single step of the one- and the two-dimensional
SSQWs in terms of OQWs. First, we decompose each
step of the one-dimensional SSQW into two steps of an
OQW with different coin operators (Sec. III A), and then
we decompose the two-dimensional SSQW in terms of
two one-dimensional SSQWs being performed on two
different degrees of freedom or two different lattices
(Sec. III B).
A. Decomposing one-dimensional SSQW
Here, we show that a single step of the one-dimensional
SSQW is isomorphic to two steps of the OQW. This iso-
morphism can be established easily by replacing the left
and right propagators T− and T+ in Eqs. (5) and (6)
by T 2− and T
2
+. Thus, the new one-dimensional SSQW
propagator reads
Z˜ss(θ1, θ2) = (1⊗ Cθ1)T 2−(1⊗ Cθ2)T 2+. (11)
Qualitatively, there is no difference between the propa-
gator Zss(θ1, θ2) (4) and the propagator Z˜ss(θ1, θ2) (11).
The only difference is in the former one, in which the
walker jumps on the neighboring sites and in the latter
one the walker skips one site in every jump.
Since the one-dimensional SSQW is translation invari-
ant, we can write
Z˜ss(θ1, θ2) =
−→
T Z˜ss(θ1, θ2)
←−
T
= (1⊗ Cθ1)
−→
T T 2−(1⊗ Cθ2)
←−
T T 2+
= Z(θ2)Z(θ1). (12)
Here the coin-independent translation operators
−→
T =←−
T † = F ⊗ 1 commute with T˜± operators. The operator
S =
−→
T T 2− =
←−
T T 2+ is the conditional shift operator (2).
Thus, the one-dimensional SSQW operator can be de-
composed into two steps of the OQW propagators with
alternating coin operators Cθ1 and Cθ2 . In other words,
we can perform the one-dimensional SSQW on a lattice
which consists of only the even- (or the odd-) numbered
lattice sites by performing two steps of the OQW with
alternatively changing coin operators.
B. Decomposing two-dimensional SSQW
A decomposition similar to (12) can also be ob-
tained for the two-dimensional SSQW propagator
Z2D(θ1, θ2) (8) in terms of two one-dimensional SSQWs
performed on independent one-dimensional lattices. Us-
ing the definitions (9), (10), S3 = S1S2, and the cyclic
property of the quantum walk propagators we can sim-
plify the propagator Z2D(θ1, θ2) as
Z2D(θ1, θ2) = S2Cθ1S2Cθ2S1Cθ1S1 (13)
= Z(2)ss (0, θ1)Z
(1)
ss (θ2, θ1), (14)
where we have used the definition of the OQW propa-
gator Z(θ) (3) and the decomposition (12). Here the
superscript (i) ∈ {(1), (2)} denotes the DoF the oper-
ator is acting on. Equation (14) clearly shows that the
two-dimensional SSQW on a triangular lattice can be de-
composed into two one-dimensional SSQWs performed in
series on two different DoFs.
One of the advantages of the decompositions (12)
and (14) is that now we can write the Hamiltonian
Hss = i ln[Zss(θ1, θ2)] and H2Dss = i ln[Z2D(θ1, θ2)] which
govern the dynamics in one- and two-dimensional SSQWs
as a function of the Hamiltonian Hθ = i ln[Z(θ)] of
OQWs (see Appendix). Hence, these decompositions of-
fer an alternative way to express complicated Hamiltoni-
ans in terms of simple well-understood one-dimensional
quantum walk Hamiltonians.
So far, we have shown a procedure to express one- and
two-dimensional SSQWs using only OQWs on different
DoFs or on different one-dimensional lattices. In the
following, we present optical implementation schemes to
simulate an SSQW in the OAM and the time-bin space
of light. We also propose methods to simulate Majo-
rana modes, edge states, and the topologically protected
bound states in these systems.
IV. OPTICAL IMPLEMENTATION SCHEMES
FOR SSQW
Here we present optical implementation schemes to
simulate the one- and the two-dimensional SSQWs. We
also present a scheme to simulate the exotic phases such
as Majorana modes and edge states. The schemes pre-
sented here are based on the decompositions constructed
in the previous section, which make use of the one-
dimensional OQW. Hence, our implementation scheme
for a SSQW uses earlier schemes for OQWs [34–39].
This section is organized as follows: In Sec. IV A
we detail the implementation of one-dimensional SSQW
in OAM and in time-bins space. The implementation
scheme for the two-dimensional SSQW is presented in
Sec. IV B. Section IV C contains the method to simulate
Majorana modes and edge states in optical systems.
4A. One-dimensional SSQW
The one-dimensional SSQW propagator Zss (4) in the
OAM space of light can be implemented by two propa-
gators Z(θ1) and Z(θ2) in series (12). To implement the
OQW propagator Z(θ) in the OAM space we can use the
scheme presented in [34]. In this scheme, the OAM states
{|`〉 , ` ∈ Z} represent the lattice sites and the right- (|R〉)
and the left-handed (|L〉) circular polarization states of
light represent the two orthogonal states of the coin [34].
The coin-flip operator Cθ is realized using the Simon-
Mukunda polarization (SMP) gadget which consists of
a combination of two half-wave plates and two quarter-
wave plates mounted in series [40]. By rotating the wave
plates one can realize an arbitrary SU(2) rotation in the
polarization states of light.
The conditional propagator S (2) in this scheme is re-
alized by a combination of a half-wave plate and an op-
tical device called q-plate. The q-plate is a linear optical
device which couples the OAM of light with its polar-
ization. It is a birefringent plate made of a thin liquid
crystal film sandwiched between glass substrates with a
phase retardation δ. Its inhomogeneous birefringence op-
tical axis is distributed in space according to a singular
pattern characterized by the topological charge q which
is the nematic-order defect exhibited in the center of the
plate. Here q can be an integer or half-integer number
[41, 42]. The action of the q-plate on the state of a light
beam can be represented by the operator Q
(q)
δ as
Q
(q)
δ = cos δ1− i sin δ
(
F2q ⊗ |L〉 〈R|+ F †2q ⊗ |R〉 〈L|
)
,
(15)
where F2q =
∑
` |`+ 2q〉 〈`| represents the forward shift
operator in the OAM of light. The phase retardation δ
of the q-plate can be controlled by applying an exter-
nal electric potential [41, 43, 44] and can take any value
between 0 and pi.
The conditional propagator S (2) is realized by setting
q = 1/2 and δ = pi/2 [41, 43, 44]. Thus, concatenating
an SMP gadget, a q-plate, and a half-wave plate we can
realize the OQW propagator Z(θ) (3) which can perform
a single step of quantum walk on the OAM of light. Plac-
ing two such setups in series in a ring interferometer, one
can simulate the one-dimensional SSQW.
The one-dimensional SSQW in the time-bins space
of light can be performed using the scheme presented
in [35, 36]. In this scheme, the time-bins form the one-
dimensional lattice and the polarization serves as the
coin. The conditional propagator S (2) is realized by
splitting the incoming light pulse (or single photon) into
two spatial modes using a polarizing beam splitter and
introducing different optical paths in the two spatial
modes. The SMP gadget is used as the coin operator
Cθ. Thus, a single step of the OQW is performed by
introducing different delays corresponding to the differ-
ent orthogonal polarization states of light followed by an
SMP gadget. Repeating this process twice with different
SMP gadgets corresponding to the parameter θ1 and θ2
results in the one-dimensional SSQW.
Although, the relation (12) between the SSQWs
and the OQW makes the implementation of the one-
dimensional SSQW feasible in almost any quantum sys-
tem, a much-simplified scheme can be achieved while re-
alizing the quantum walk in the OAM space. To see this,
we recall the SSQW propagator Zss(θ1, θ2) (4) which con-
tains an effective shift operator Tθ (7) and a coin-flip op-
erator Cθ. The operator Tθ can be realized using only a
q-plate and wave plates by choosing the phase retarda-
tion δ = pi/2−θ and q = 1/2 for the q-plate; the operator
Q
(q)
δ (see Appendix) reads
Q
(1/2)
δ = −i(1⊗ σx)
[
cos θS + i sin θ(1⊗ σx)
]
. (16)
Clearly, by redefining the coin-flip operator Cθ1 in the
SSQW propagator Zss(θ1, θ2) in the following manner
C˜θ1 = e
−ipiσz/4Cθ1σxe
ipiσz/4, (17)
which can be realized by an SMP device, we can realize
the SSQW using a single q-plate and a single SMP gadget
instead of using two of each as was done in the previous
scheme.
A similar scheme was implemented by Cardano et al.
in [39] with a different coin operation. Although they also
showed the topological order in their experiment, it was
not clear if their experiment yielded the one-dimensional
SSQW presented in [15]. From our discussion, this ques-
tion is now settled.
Next, we present an implementation scheme to perform
two-dimensional SSQWs on the triangular lattice.
B. Two-dimensional SSQW
In this scheme, we use both the OAM and the time-bins
to perform two-dimensional SSQWs. We choose these
DoFs because these are one of the most favored DoFs of
light to perform quantum walks [34–39]. A sketch of our
implementation scheme is presented in Fig. 2.
Here OAM is used as the first principal axis and time-
bins are used as the second principal axis in the triangular
lattice. Therefore, S1 represents the conditional propa-
gator on OAM and S2 on time-bins. In order to realize
the Z
(1)
ss (θ2, θ1) in Eq. (14) we use the q-plate and an
SMP device as was done in the one-dimensional SSQW
in OAM space. The Z
(2)
ss (0, θ1) = S2Cθ1S2 operation in
the quantum walk is performed over the time-bins space
of light, as discussed earlier. The details of the scheme
can be found in the caption of Fig. 2.
C. Simulating Majorana modes and edge states
To simulate the topologically protected bound states in
quantum walks we need to create a boundary with two
5PBS PBS PBS PBS
S2 S2
Cθ1
Z
(1)
ss (θ2, θ1)
B
FIG. 2. Optical implementation scheme for the two-
dimensional SSQW based on Eq. (14). Here the operator
Z
(1)
ss (θ2, θ1) is performed over the OAM of light (lower part of
the ring interferometer) and the operator Z
(2)
ss (0, θ1) is per-
formed over the time-bins. In this scheme, the incoming light
enters the setup through the beamsplitter B which has a very
high reflectance (r ≈ 1) (bottom left corner). The light en-
tering the setup is first transformed by a combination of an
SMP gadget and a phase-retarded q-plate and then by two
time-shift loops which are separated by an SMP gadget. The
time-shift loops are realized by sorting the two orthogonal po-
larization components of light [using polarizing beamsplitters,
(PBS)] in different spatial modes with unequal path lengths
which can be achieved by multimode optical fibers. One step
of the two-dimensional SSQW is completed upon completion
of a full circle in the setup. Upon returning to the beam split-
ter B a small fraction of the light will pass through the beam
splitter and the rest will be reflected back in the setup. The
transmitted part of the light can be used to perform real-time
measurements on the OAM and the time-bins.
distinct topological phases on either side by assigning
position-dependent values to the coin parameter θ. It is
often hard to realize such coin operator. Here we propose
a simple linear optical device, a generalized SMP gadget,
which can be used to realize two different values of θ for
different sections of the OAM lattice.
A light beam having the OAM proportional to the
value `~ has a ring-shaped intensity distribution with ra-
dius r`max of maximum intensity given by
r`max = w(z)
√
|`|
2
, (18)
i.e., the radius of the ring is proportional to the square
root of the absolute value of ` of the OAM mode [45].
Here w(z) is the width of the laser beam at the position
z. Therefore, an SMP gadget with wave plates of radius
r` = (r
`
max + r
`+1
max)/2 will cause rotations only for the
polarization states of the OAM modes between −` and
`. The rest of the modes will remain unchanged.
A generalized SMP gadget consists of two coaxial
SMP gadgets, one with radius r` and the other, annu-
lar shaped, with inner radius r` and large outer radius
(see Fig. 3). Since the two SMP gadgets used here are
independent of each other, they can be set to realize Cθ
and Cθ′ coin operations which result in different coin op-
erations on different sections of the OAM lattice.
Using the generalized SMP device, different values of
the parameters θ and θ′ can be chosen which correspond
θ
θ′
→ →
`
θ
FIG. 3. Generalized SMP gadget. A generalized SMP gadget
is realized by coaxial placement of two SMP gadgets contain-
ing wave plates of different radii. The radius r` of the smaller
SMP gadget is chosen such that it affects only the polariza-
tion states of light corresponding to the OAM modes between
−` and `. The rest of the polarization is transformed by the
larger SMP gadget.
to distinct topological phases, thus making a bound-
ary which supports bound states. In one-dimensional
SSQWs, if initially the walker is localized at the bound-
ary, it remains localized with large probability. These
bound states correspond to Majorana modes. Since the
two-dimensional SSQW can be decomposed into two one-
dimensional SSQWs and we need the boundary only in
one direction, we can use the same generalized SMP
gadget to simulate the edge states in two-dimensional
SSQWs. These bounded states can be observed as par-
tially localized states, i.e., localized in the OAM space
but spreading in the time-bin space. Both Majorana
modes and topologically protected edge states are robust
against environmental interactions.
Although the generalized SMP gadget provides a sharp
transition in the value of the parameter θ, it may not
be sharp on the OAM lattice. This is because the ra-
dius of the intensity ring for a given OAM mode ` is not
sharp. This may cause an aberration in the bound states
if the parameter θ varies slightly across the boundary.
However, if the two distinct topological phases require
well-separated values of θ across the boundary, we will
observe topologically protected bound states.
V. CONCLUSION
To conclude, we have presented schemes to realize
SSQWs on one- and two-dimensional lattices in optical
systems. We have used the OAM and time-bin DoFs for
our schemes. The key finding in this article which made
these implementations feasible is the decomposition of
SSQW in terms of OQWs. We have shown that a sin-
gle step in a one-dimensional SSQW as defined in [15] is
nothing but two steps of the OQW with alternating coins.
Similarly, a two-dimensional SSQW (on a triangular lat-
tice) can be decomposed as two one-dimensional SSQWs
performed on two independent DoFs in sequence. We
have exploited this nature of SSQWs to simulate exotic
topologically bound states.
6We can also interpret the decomposition of SSQWs in
terms of the OQWs as follows: the Hamiltonian which
governs the dynamics of a two-dimensional SSQW can
be simulated by the Hamiltonians of a one-dimensional
SSQW which in turn can be simulated by OQW Hamil-
tonians. This decomposition can be extended to realize
more complicated quantum walks by incorporating mul-
tiple steps of the one-dimensional OQW with different
coin parameters. Thus, our decomposition brings us a
step closer to realizing a universal quantum simulator
based purely on quantum walks.
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Appendix A: Writing Hss and H2dss in terms of Hθ.
The Hamiltonian Hθ which governs the dynamics in
the ordinary one-dimensional quantum walk can be cal-
culated by
Hθ = i log
[
Z(θ)
]
. (A1)
Since the propagator Z(θ) is translation invariant, the
Hamiltonian Hθ can be block diagonalized in momentum
eigenbasis {|k〉} which are
|k〉 =
∑
x
exp(−ikx) |x〉 , (A2)
where {|x〉} represents the position basis. In the momen-
tum basis the Hamiltonian Hθ reads
Hθ =
⊕
k∈[−pi,pi)
H(k), (A3)
where
H(k) = E(k)n(k) · σ. (A4)
The vector n(k) = [n1(k), n2(k), n3(k)] is a three-
dimensional real vector. The explicit form of the vector
n(k) and the energy E(k) is given by
n1(k) =
sin θ sin k
sin[E(k)]
, (A5)
n2(k) =
sin θ cos k
sin[E(k)]
, (A6)
n3(k) = −cos θ sin k
sin[E(k)]
, (A7)
E(k) = cos−1(cos θ cos k). (A8)
The relation between the Hamiltonians Hss and Hθ can
be derived using the decomposition (12) and the Baker-
Campbell-Hausdorff formula [46]
Hss(k) =Hθ1(k) +Hθ2(k)−
i
2
[Hθ1(k), Hθ2(k)]−
1
12
{[Hθ1(k), [Hθ1(k), Hθ2(k)]] + [Hθ2(k), [Hθ2(k), Hθ1(k)]]} · · · ,
(A9)
whereas Hss = i ln[Zss(θ1, θ2)] yields
Hss(k) =
Ess(k)
sin[Ess(k)]
[cosE1(k) sinE2(k)n2(k) + cosE2(k) sinE1(k)n1(k) + sinE1(k) sinE2(k)n1(k)× n2(k)] .σ
(A10)
≡Ess(k)N(k) · σ, (A11)
Ess(k) = cos
−1 [cosE1(k) cosE2(k)− sinE1(k) sinE2(k)n1(k) · n2(k)] , (A12)
Ei(k) = cos
−1(cos θi cos k). (A13)
Here Ei(k)ni · σ = H(θi).
7Similarly, the Hamiltonian H2Dss can be written in terms of Hss as
H2dss(kx, ky) =Hss(kx) +Hss(ky)− i
2
[Hss(kx), Hss(ky)]
− 1
12
{[Hss(kx), [Hss(kx), Hss(ky)]] + [Hss(ky), [Hss(ky), Hss(kx)]]} · · · (A14)
=
E2Dss(kx, ky)
sin(E2Dss(kx, ky))
(cosEss(kx) sinEss(ky)N(ky) + cosEss(ky) sinEss(kx)N(kx)
+ sinEss(kx) sinEss(ky)N(kx)×N(ky)) .σ, (A15)
E2Dss(kx, ky) = cos
−1 [cosEss(kx) cosEss(ky)− sinEss(kx) sinEss(ky)N(kx) ·N(ky)] . (A16)
[1] K. von Klitzing, G. Dorda, and M. Pepper, Phys. Rev.
Lett. 45, 494 (1980).
[2] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and
M. den Nijs, Phys. Rev. Lett. 49, 405 (1982).
[3] R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).
[4] X.-G. Wen, Adv. Phys. 44, 405 (1995).
[5] H. L. Stormer, D. C. Tsui, and A. C. Gossard, Rev.
Mod. Phys. 71, S298 (1999).
[6] S. Ryu and Y. Hatsugai, Phys. Rev. Lett. 89, 077002
(2002).
[7] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 146802
(2005).
[8] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801
(2005).
[9] D. Hsieh, D. Qian, L. Wray, Y. Xia, Y. S. Hor, R. J.
Cava, and M. Z. Hasan, Nature 452, 970 (2008).
[10] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).
[11] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Science
314, 1757 (2006).
[12] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and
S. Das Sarma, Rev. Mod. Phys. 80, 1083 (2008).
[13] A. Kitaev, Ann. Phys. 303, 2 (2003).
[14] A. Kitaev, Ann. Phys. 321, 2 (2006).
[15] T. Kitagawa, M. S. Rudner, E. Berg, and E. Demler,
Phys. Rev. A 82, 033429 (2010).
[16] H. Obuse and N. Kawakami, Phys. Rev. B 84, 195139
(2011).
[17] J. K. Asbo´th, Phys. Rev. B 86, 195414 (2012).
[18] T. Rakovszky and J. K. Asboth, Phys. Rev. A 92, 052311
(2015).
[19] C. Cedzich, F. Gru¨nbaum, C. Stahl, L. Vela´zquez,
A. Werner, and R. Werner, J. Phys. A: Math. Theor.
49, 21LT01 (2016).
[20] H. Obuse, J. K. Asbo´th, Y. Nishimura, and
N. Kawakami, Phys. Rev. B 92, 045424 (2015).
[21] T. Groh, S. Brakhane, W. Alt, D. Meschede, J. Asbo´th,
and A. Alberti, Phys. Rev. A 94, 013620 (2016).
[22] H. T. Lam, Y. Yu, and K. Y. Szeto, Phys. Rev. A 93,
052319 (2016).
[23] F. Wilczek and S. Esposito, Majorana and condensed
matter physics (Cambridge University Press, New York,
2014) pp. 279–302.
[24] I. Tamm, Phys. Z. Soviet Union 1, 732 (1932).
[25] W. Shockley, Phys. Rev. 56, 317 (1939).
[26] A. P. Balachandran, A. Momen, and L. Chandar, Int. J.
Mod. Phys. A 12, 625 (1997).
[27] A. Corichi, Gen. Relativ. Gravit. 31, 615 (1999).
[28] T. Kitagawa, M. A. Broome, A. Fedrizzi, M. S. Rudner,
E. Berg, I. Kassal, A. Aspuru-Guzik, E. Demler, and
A. G. White, Nat. Commun. 3, 882 (2012).
[29] C. Di Franco, M. Mc Gettrick, and T. Busch,
Phys. Rev. Lett. 106, 080502 (2011).
[30] C. Di Franco, M. Mc Gettrick, T. Machida, and
T. Busch, Phys. Rev. A 84, 042337 (2011).
[31] E. Rolda´n, C. Di Franco, F. Silva, and G. J. de Valca´rcel,
Phys. Rev. A 87, 022336 (2013).
[32] D. Bouwmeester, I. Marzoli, G. P. Karman, W. Schleich,
and J. P. Woerdman, Phys. Rev. A 61, 013410 (1999).
[33] P. L. Knight, E. Rolda´n, and J. E. Sipe, Phys. Rev. A
68, 020301 (2003).
[34] S. K. Goyal, F. S. Roux, A. Forbes, and T. Konrad,
Phys. Rev. Lett. 110, 263602 (2013).
[35] A. Schreiber, K. N. Cassemiro, V. Potocˇek, A. Ga´bris,
P. J. Mosley, E. Andersson, I. Jex, and C. Silberhorn,
Phys. Rev. Lett. 104, 050502 (2010).
[36] A. Schreiber, A. Ga´bris, P. P. Rohde, K. Laiho,
M. Sˇtefanˇa´k, V. Potocˇek, C. Hamilton, I. Jex, and C. Sil-
berhorn, Science 336, 55 (2012).
[37] S. K. Goyal, F. S. Roux, A. Forbes, and T. Konrad,
Phys. Rev. A 92, 040302 (2015).
[38] F. Cardano, F. Massa, H. Qassim, E. Karimi, S. Slus-
sarenko, D. Paparo, C. de Lisio, F. Sciarrino, E. Santam-
ato, R. W. Boyd, and L. Marrucci, Sci. Adv. 1, e1500087
(2015).
[39] F. Cardano, M. Maffei, F. Massa, B. Piccirillo, C. de Li-
sio, G. De Filippis, V. Cataudella, E. Santamato, and
L. Marrucci, Nat. Commun. 7, 11439 (2016).
[40] R. Simon and N. Mukunda, Phys. Lett. A 138, 474
(1989).
[41] L. Marrucci, C. Manzo, and D. Paparo, Phys. Rev. Lett.
96, 163905 (2006).
[42] S. Slussarenko, A. Murauski, T. Du, V. Chigrinov,
L. Marrucci, and E. Santamato, Opt. Express 19, 4085
(2011).
[43] K. Y. Bliokh, E. A. Ostrovskaya, M. A. Alonso, O. G.
Rodr´ıguez-Herrera, D. Lara, and C. Dainty, Opt. Ex-
press 19, 26132 (2011).
[44] B. Piccirillo, V. D’Ambrosio, S. Slussarenko, L. Marrucci,
and E. Santamato, Appl. Phys. Lett. 97, 241104 (2010).
[45] M. Padgett and L. Allen, Opt. Commun. 121, 36 (1995).
[46] R. A. Horn and C. R. Johnson, Matrix analysis (Cam-
8bridge university press, New York, 2012).
